A Coulomb gas approach to the anisotropic one-dimensional Kondo lattice
  model at arbitrary filling by Novais, E. et al.
ar
X
iv
:c
on
d-
m
at
/0
20
46
19
v1
  [
co
nd
-m
at.
str
-el
]  
29
 A
pr
 20
02
A Coulomb gas approah to the anisotropi one-dimensional Kondo lattie model at
arbitrary lling
E. Novais,
1, 2, ∗
E. Miranda,
1, †
A. H. Castro Neto,
2, ‡
and G. G. Cabrera
1, §
1
Instituto de Físia Gleb Wataghin, Uniamp, Caixa Postal 6165, 13083-970 Campinas, SP, Brazil
2
Department of Physis, Boston University, Boston, MA 02215
(Dated: 29th Otober 2018)
We establish a mapping of a general spin-fermion system in one dimension into a lassial gen-
eralized Coulomb gas. This mapping allows a renormalization group treatment of the anisotropi
Kondo hain both at and away from half-lling. We nd that the phase diagram ontains regions of
paramagnetism, partial and full ferromagneti order. We also use the method to analyze the phases
of the Ising-Kondo hain.
PACS numbers: 75.10.-b, 71.10.Pm, 71.10.Fd
I. INTRODUCTION
The relevane of studying the Kondo lattie model
(KLM) has not dereased. It is believed to be at the heart
of the physis of both the heavy fermion materials, in
its antiferromagneti (AFM) version,
1
and also the man-
ganites, when loal moments and ondution eletrons
interat via the ferromagneti (FM) Hund's oupling.
2
In the rst ase, the well understood behavior of the sin-
gle (or few) impurity Kondo model permeates muh of
our urrent understanding. However, the interplay be-
tween the loal Kondo physis and the non-loal RKKY
interation in a lattie environment
3
remains elusive in
urrent approximate shemes, although it may play a
prominent role lose to quantum ritial points
4,5,6,7
or
even away from them. In this respet, a more thorough
understanding of the one-dimensional (1D) ase might
be fruitful, even in light of the peuliarities of 1D sys-
tems. Furthermore, the study of the 1D KLM is impor-
tant in its own right for the analysis of some quasi-one-
dimensional organi ompounds suh as (Per)2M(mnt)2
(M=Pt,Pd),
8,9,10
and (DMET)2FeBr4.
11
A fairly omplete ground state phase diagram has been
established for the 1D KLM.
2,12
On the one hand, the an-
tiferromagneti model at half-lling has both harge and
spin gaps.
13
For lower band llings there is a quantum
phase transition from a paramagneti ground state to a
ferromagneti one.
12
On the other hand, the ferromag-
neti model at half-lling is also insulating with a Hal-
dane type spin gap.
14
For lower band llings, the numer-
ial evidene shows three distint phases: a phase with
partial ferromagneti order and inommensurate spin
orrelations, a fully saturated ferromagnetially ordered
phase and a region with phase separation where two kinds
of ground state seem to ompete. The energy sales
where the transitions take plae for both models are of
the order of the Fermi energy. Finally, there is strong nu-
merial evidene in favor of a Luttinger Liquid behavior
in the paramagneti phase of the AFM KLM, even for
onsiderably large oupling onstants.
15,16,17
Suh phe-
nomenology is beyond a simple RKKY versus Kondo type
of piture,
18
as proposed by Doniah for the higher di-
mensional models.
3
In fat, the level rossing responsible
for the quantum ritial point (QCP) is related to long
wavelength modes. This is in ontrast with the short
wavelength spin modes involved in the paramagneti-
antiferromagneti transition that the Doniah's piture
envisages. As pointed out before,
12,18
the missing ele-
ment is the lowering of the ondution eletron kineti
energy with the alignment of the loalized spin as in the
double exhange mehanism. Essentially, this is the rea-
son why the 1D FM and AFM KLM have similar phase
diagrams.
Despite these suesses, it would be onsiderably
more informative if some analytial understanding ould
be gained. Even though there have been some par-
tial suesses
18,19,20,21
, there is still room for improve-
ment. Motivated by the enormous suess of renor-
malization group (RG) analyses in the few impurity
problem,
22,23,24,25,26
we set out to apply saling ideas to
the 1D lattie ase as well. However, an RG treatment
of the KLM has never, to our knowledge, been ahieved.
Tehnially, although we know how to progressively de-
imate the spins or the ondution eletron states, no one
has devised a way of doing both simultaneously, speially
with the inorporation of loal Kondo physis.
It is the aim of this artile to put forth suh a dei-
mation sheme for one-dimensional models of spins and
fermions, in partiular the anisotropi Kondo lattie
model. We draw a great deal of inspiration from the orig-
inal work of Anderson, Yuval and Hamman for the single
impurity Kondo model,
22,23,24
mapping the KLM into a
lassial Coulomb gas, whih is then deimated by stan-
dard methods.
27
This task is made simpler by the use of
bosonization methods. We therefore study the stability
of the non-interating ground state with respet to the
Kondo interation as a funtion of the oupling onstants.
Our study reveals that there is no weak oupling ow
in the entire parameter spae. Nevertheless, the dier-
ent strong oupling ows of the RG equations allow us
to assign the magneti ground states that emerge, estab-
lishing the phase diagram for both signs of the oupling
onstant in a unied fashion. While our approah in
part builds upon previous studies,
18,19,20,21
it also puts
2on a rmer basis the proedure of negleting bakward
sattering terms in the KLM away from half-lling. As
another appliation of our Coulomb gas treatment, we
also establish the phase diagram of the one dimensional
Ising-Kondo model.
28
In Setion II, we develop a path integral formulation of
the bosonized 1D KLM. The partition funtion is mapped
into a two-dimensional generalized lassial Coulomb gas
in Setion III. In Setion IV, the RG equations of the
Coulomb gas are derived and solved. Their physial in-
terpretation is given in Setion V, where an eetive
Hamiltonian for the renormalized Coulomb gas is ob-
tained. The phase diagram of the model is established
in Setion VI. The Ising-Kondo model is disussed in
Setion VII, where its phase diagram is established. We
wrap up with a brief disussion of the relation between
our and previous results in Setion VIII. Some more
tehnial developments an be found in the Appendies.
II. PARTITION FUNCTION
We start by writing the 1D KLM Hamiltonian. The
traditional Kondo model is isotropi in spin spae. Sine
we are going to use Abelian bosonization, it is natural to
break the SU (2) symmetry down to U (1)
H = −t
∑
j,σ
(
c†j+1σcjσ + h.c.
)
+ J⊥
(
Sxj s
x
j + S
y
j s
y
j
)
+ JzS
z
j s
z
j , (1)
where cjσ destroys a ondution eletron in site j with
spin projetion σ, Sj is a loalized spin
1
2 operator and
sj =
1
2
∑
αβ c
†
jασcjβ , the ondution eletron spin den-
sity. We will fous on the ontinuum, long-distane
limit of the ondution eletrons. In this ase, one
an linearize the dispersion around the non-interating
(Jz,⊥ = 0) Fermi points ±kF , where kF a = π2n and n
is the ondution eletron number density, and take the
ontinuous limit of the fermioni operators in terms of
left and right moving eld operators
19
H = −ivF
∑
σ
∫
dx
(
ψ†R,σ∂xψR,σ − ψ†L,σ∂xψL,σ
)
+
aJz
2
∑
j
∑
α,β,s
ψ†α,s (j)ψβ,s (j)σ
z
s,sS
z (j)
+
aJ⊥
2
∑
i
∑
α,β,s,s′
ψ†α,s (j)ψβ,s′ (j)σ
η
s,s′S
η (j) ,
where α, β = L or R, vF = 2t sinkF a is the Fermi ve-
loity and a is the lattie spaing. The eld operators
an now be bosonized with the inlusion of the so-alled
Klein fators in usual notation
29
ψR,σ (x) =
FR,σ√
2πα
ei
√
π[φσ(x)−θσ(x)]+ikF x,
ψL,σ (x) =
FL,σ√
2πα
e−i
√
π[φσ(x)+θσ(x)]−ikF x.
One an then rewrite the Hamiltonian in terms of the
harge and spin elds
φc,s (x) = (φ↑ (x)± φ↓ (x)) /
√
2,
θc,s (x) = (θ↑ (x)± θ↓ (x)) /
√
2,
as
H = H0 +H
f
z +H
f
⊥ +H
b
z +H
b
⊥, (2)
with:
H0 =
vF
2
∑
ν=s,c
∫
dx (∂xφν)
2
+ (∂xθν)
2
(3a)
Hfz =
∑
x
Jfz
√
2
π
gσ∂xφs (x)S
z (x) (3b)
Hf⊥ =
∑
x
Jf⊥
2πα
e
i
√
2pi
gσ
θs(x) cos
[√
2πgσφs (x)
]
S− (x) + h.c. (3)
Hbz =
∑
x
2Jbz
πα
sin
[√
2πgρφc (x) + 2kFx
]
sin
[√
2πgσφs (x)
]
Sz (x) (3d)
Hb⊥ =
∑
x
Jb⊥
2πα
e
i
√
2pi
gσ
θs(x) cos
[√
2πgρφc (x) + 2kFx
]
S− (x) + h.c. (3e)
where gσ = gρ = 1 and α ∼ k−1F . H0 is the free
bosoni Hamiltonian written as a funtion of θs,c and
φs,c. We have introdued the new parameters gσ and
3gρ for future use. The relativisti desription enfored
by us broke the interation term in two dierent ompo-
nents: forward-sattering, Hf , and bak-sattering, Hb.
They involve the spin urrent and the 2kF omponent
of the magnetization of the non-interating eletron gas,
respetively,
30,31
sine it is well known that the main on-
tributions to the spin suseptibility of the eletron gas at
low frequenies ome from q ∼ 0 and q ∼ 2kF . For
further generalization, we will onsider the 4 parameters
Jf,b⊥,z, as independent.
19
It is important to note that the
osines and sines of the bosoni elds in Eqs. (3) are just
a short form notation. Forward and bakward Klein fa-
tors do not have ommon eigenvetors.
32
Thus, we shall
not neglet their ontribution to the simultaneous treat-
ment of Hf and Hb.
A quantum system of dimension d an be mapped into
a lassial system of dimension d+1.33,34 The single im-
purity Kondo problem has eetive dimension d = 0. The
work of Anderson, Yuval, and Hamman
22,23,24
showed
that it an be mapped into a d = 1 lassial Coulomb gas,
where the extra dimension is the imaginary time.
31,35
We
will extend this idea and map the 1D KLM into a d = 2
lassial problem. As usual, the starting point is the par-
tition funtion:
Z = Tr
[
e−β(H0+H
f+Hb)
]
. (4)
We will resale the Hamiltonian and β by the Fermi velo-
ity. This introdues the dimensionless oupling onstants
J˜z,⊥ =
aJz,⊥
vF
as well as β˜ = vFβ. Following the standard
presription,
35,36
we divide β˜ in innitesimal parts,
Z = Tr
∏
j
e−δτH
 .
In order to proeed to a path integral formulation we
hoose the Sz basis for the loal moments and the oher-
ent states for the bosoni elds.
35,36
The next step is to
introdue an identity resolution between eah exponen-
tial in the produt
Z =
∏
j
〈ζ (τj)| e−δτH |ζ (τj)〉 ,
where we used |ζ〉 to denote a general vetor in the basis.
We now expand the exponentials in powers of δτ ,
Z =
∑
n=0
1
n!
(δτ)n 〈ζ (j)|Hn |ζ (τj+1)〉 .
There are two possible spin ongurations for a given
pair of onseutive instants along the imaginary time di-
retion:
1. if there is no spin ip between them, the only on-
tributing terms are from the z omponents of the
Hamiltonian (3b) and (3d)
〈~s (x, τ + δτ)|Sz (x) ∂xφs (x) |~s (x, τ)〉 ;
〈~s (x, τ + δτ)|Sz (x) sin [√2πgρφc (x) + 2kFx]
sin
[√
2πgσφs (x)
]
|~s (x, τ)〉 ; (5)
2. if there is a spin ip between these 2 instants, then
only (3) and (3e) ontribute
〈~s (x, τ + δτ)| ei
√
2pi
gσ
θs(x) cos
[√
2πgσφs (x)
]
S− (x) + h.c. |~s (x, τ)〉 ;
〈~s (x, τ + δτ)| ei
√
2pi
gσ
θs(x) cos
[√
2πgρφc (x) + 2kFx
]
S− (x) + h.c. |~s (x, τ)〉 . (6)
The two possible proesses above are illustrated in Fig. 1.
Several bosoni operators an t inside the example given
in that gure, for example
J˜bz J˜
f
⊥
2
(√
2
π
gσJ˜
f
z
)
F †L↑FR↑F
†
R↓FR↑S
z (x, τ3)S
+ (x, τ2)S
z (x, τ1)×
ei
√
2πgσφs(x,τ3)+i
√
2πgρφc(x,τ3)e
i
√
2pi
gρ
θs(x,τ2)−i
√
2πgσφs(x,τ2)+2ikF x
∂xφs (x, τ1) ,
where we regrouped terms to separate Klein fators, loal
spin operators and bosoni elds.
The lattie parameter in the Eulidean-time diretion
is set by the bosoni ut-o: δτ ∼= 2πα. Keeping the
leading order terms, we write the partition funtion as
the sum over all d = 2 Ising spin ongurations of the lo-
alized spins, Klein fators and a funtional integral over
the bosoni variables. Sine there are dierent types of
bosoni exponentials (vertex operators), oming from
the dierent interation terms in Eq. (2), we now intro-
due new Ising variables whih we will all harges in
order to do the bookkeeping. They give the sign of the
orresponding bosoni eld in the aompanying expo-
nential aording to the following sheme:
42
ττ τ
1 1
13 2
Figure 1: Example of a spin history. 1 stands for Sz operators
(Eq. (5)) and 2 for S⊥ones (Eq. (6)).
fugaity (m,e, c) Number of partiles
y1 = J˜
f
⊥/2 (±1,±1, 0) N1
y2 = J˜
b
⊥/2 (±1, 0,±1) N2
y3 = J˜
b
z/2 (0,±1,±1) N3
Table I: Partiles in the 1D KLM and their harges.
1. m (x, τ) = Sz (x, τ + δτ)−Sz (x, τ) = ±1 gives the
sign of θs (x, τ) (Eqs. (3) and (3e))
2. e (x, τ) = ±1 gives the sign of φs (x, τ) (Eqs. (3)
and (3d))
3. c (x, τ) = ±1 gives the sign of φc (x, τ) (Eqs. (3d)
and (3e))
Note that only m (x, τ) is always tied to a loalized spin
ip proess, its value giving both the sign of the θs o-
eient and the hange in Sz. With this notation, eah
point in the Eulidean spae-time is labeled by a triad
of values (m, e, c). We all a partile a point where
(m, e, c) 6= (0, 0, 0). Eah kind of partile mathes a er-
tain inident in the history of a spin. From Eqs. 3, we
an read o the existene of three breeds of partiles, eah
one with its respetive fugaity. Table I summarizes the
notation that we will use.
Denoting ηlj as the spae-time position of partile j of
type l = {1, 2, 3} and Dη =∏3l=1∏Nlj=1 dηlj , we an write
the partition funtion as:
Z =
∑
{σ}
∞∑
N1,N2,N3=0
∑
{m,e,c}
∫
Dφs,cDθs,cDη y
N1
1 y
N2
2 y
N3
3
N1!N2!N3!
(Klein fators)
N3∏
j=1
σz
(
η3j
)
exp
−S0 − J˜fz
√
2
π
gσ
∑
x
∫
dτ∂xφs (x, τ)S
z (x, τ) + i
√
2π
gσ
∑
l=1,2
∑
ηlj
m
(
ηlj
)
θs
(
ηlj
)
+ i
√
2πgσ
∑
l=1,3
∑
ηlj
e
(
ηlj
)
φs
(
ηlj
)
+
√
2πgρ
∑
l=2,3
∑
ηlj
[
c
(
ηlj
)
φc
(
ηlj
)
+ 2ikF c
(
ηlj
)
xlj
] , (7)
where {σ} stands for all Ising spin ongurations,
{m, e, c} represents all possible sets of ∑iNi partiles,
xlj is the spae oordinate of partile η
l
j and S0 is the
free Gaussian bosoni ation in the variables φs,c and
θs,c
31
. There are several restritions over {m, e, c}, usu-
ally alled neutrality onditions in the bosonization
31
and
Coulomb Gas
27
literatures. In the 1D KLM they are
more stringent than usual, ensuring the ompatibility of
the sums over {σ} and {m, e, c} in Eq (7). Therefore, we
will all them strong neutrality onditions (see Appendix
A for the derivation of these onditions). They are:
1. for eah spae oordinate the m harges must be
neutral,
∑
im (xfixed, τi) = 0,
2. the total e harge must be neutral,
∑
i e (xi, τi) = 0,
3. for eah spae oordinate the total harge c must
be an even integer
∑
i c (xfixed, τi) = 2n, n ∈ Z;
and the total harge in the entire spae-time must
be zero,
∑
i c (xi, τi) = 0.
We an immediately see two onsequenes of these on-
ditions. The most obvious is that the sign of J˜f,b⊥ is
irrelevant sine, from ondition 1, the total number of
spin ips in the time diretion N1 + N2 is even. The
other onsequene is more subtle and more surprising:
the omplete anellation of the Klein fators and the
produt of σz
(
η3j
)
in Eq. (7),
(Klein fators)
N3∏
j=1
σz
(
η3j
)
= 1.
This result plays a entral role in the renormalization
group treatment of a single Kondo impurity in a LL by
Lee and Toner.
37
Moreover, it leads to:
2kF
∑
i
c (i)xi =

0,
4kFaI, I ∈ Z
, (8)
5in eah ontribution to the partition funtion. The 2kF
terms appear whenever there are partiles of type 2 and
3 (see the denition of the harge c and Eqs. (3d) and
(3e)). Due to their osillatory nature, ongurations with
these partiles will be strongly suppressed in the statis-
tial sum and the orresponding terms (with fugaities
y2 = J˜
b
⊥/2 and y3 = J˜
b
z/2) will be irrelevant in the RG
sense. This irrelevane riterion is preisely the same as
the one used from negleting Umklapp sattering away
from half-lling in models like the Hubbard model.
38
However, we stress that the situation here is far less
trivial than in the Hubbard model, sine we have both
fermions and spins, and the latter have no independent
dynamis, thus hindering a rigorous analysis (an impor-
tant exeption to this is the Heisenberg-Kondo model
39
).
In our treatment, on the other hand, spins and fermions
are treated on the same footing and lose their indepen-
dent identity. After the mapping to a Coulomb gas, the
irrelevane riterion beomes idential to other models
where its appliability is rmly based. We have thus es-
tablished a more rigorous basis for negleting the bak-
ward sattering terms in the 1D KLM, as has been done
by Zahar, Kivelson and Emery.
19
This situation hanges when the ondution band is
at half lling. In this ase, 4kFa = 2π and these terms
disappear from the eetive ation, making all partiles
equally probable. This ommensurability ondition is
similar to the one for the Umklapp term in the Hubbard
model.
38
It is interesting to note that only the ombina-
tion 4kFa appears in our formulation. Sine we bosonized
the non-interating ondution eletron sea, we must use
kFa = πn/2, leading to 4kFa = 2πn. Even if for some
reason a large Fermi surfae should be onsidered,
40
this
would not hange any of our results sine for a large Fermi
surfae 4k∗Fa = 2π (n+ 1) = 4kFamod2π.
III. COULOMB GAS
The bosoni elds in Eq. (7) an now be integrated out,
partially summing the partition funtion. The result an
be understood as an eetive ation for the spins and the
variables (m, e, c)
Seff =
(
J˜fz
π
)2 ∑
x1>x2
∫
τ1>τ2
dτ1dτ2
cos (2ϕ12)
r212
Sz (1)Sz (2)
+
J˜fz
π
∑
n
∑
x
∫
dτ
exp (ie (n)ϕ)
r
Sz (x, τ)
+
∑
n>p
ln znp
2
(m (n) + e (n)) (m (p) + e (p)) +
ln z¯np
2
(m (n)− e (n)) (m (p)− e (p))
+ ln |rnp| c (n) c (p) + 2ikF
∑
n
c (n)xl + short range interactions, (9)
where
xjk = xk − xj ,
τjk = τk − τj ,
zjk = xjk + iτjk = rjke
iϕjk . (10)
In addition to the long range universal interations,
this proedure also gives rise to short-ranged terms that
are uto dependent.
41
These are similar to those found
by Honner and Gulási
18,20
by smoothing the bosoni
ommutation relations. In ontrast to their treatment,
though, here they are a manifestation of the bosoni eld
dynamis. Following Zahar et. al,
19
we will fous on the
universal long range part of the ation and neglet these
terms.
Upon integrating by parts in imaginary time, spin time
derivatives beome the harges we denote by m. Finally,
we an rewrite all long range terms in the form of a gen-
eralized CG ation in two-dimensional Eulidean spae
27
as
Z =
∞∑
N1,N2,N3=0
∑
{m,e,c}
∫
Dη
yN11 y
N2
2 y
N3
3
N1!N2!N3!
exp {Seff} ,
(11)
with
Seff =
1
2
∑
i6=j
{
κ2
gσ
ln |rij |m (ηi)m (ηj)
+ gσ ln |rij | e (ηi) e (ηj) + gρ ln |rij | c (ηi) c (ηj)
− iκϕij [e (ηi)m (ηj) +m (ηi) e (ηj)]
}
+ 2ikF
∑
i
c (ηi)xi, (12)
where κ = 1 − J˜fz /π. In the above eetive ation we
have dropped the superindex indiating the partile type
6in order to unlutter the notation. It is now unnees-
sary as the dependene with the history of a spin has
disappeared.
In most other similar CG mappings, the oeient of
the term in ϕij is an integer and goes by the name of on-
formal spin.
31
Then, the ambiguity of 2πI, I ∈ Z in the
angle is irrelevant. In this ase, however, κ an assume
non-integer values. What guarantees that the theory is
atually well dened is the strong neutrality ondition
1, whih leads to a anellation of the Riemann surfae
index I.
The integration by parts that we performed is equiv-
alent to applying the duality relation ∂xφs = i∂τθs to
Eq. (7), integrating by parts and then traing the bosoni
elds. Alternatively, at the Hamiltonian level, it is also
equivalent to applying the rotation
19
U = ei
√
2
pi
Jfz
∑
x θs(x)S
z(x), (13)
to Eq (2) before going to a path integral and traing out
the bosons. Hene, there is a strong link between our CG
formulation and previous results in the literature.
18,19,20
More importantly, the interpretation of our results should
be understood in this rotated basis that mixes spins and
bosons.
The eetive ation in Eq. (12) an be viewed as de-
sribing the eletrostati and magnetostati energy of
singly harged partiles with both eletri and magneti
monopoles. These satisfy eletri-magneti duality in the
sense that the ation is invariant under the exhange
e ⇋ m and gσ ⇋
κ2
gσ
, while κ is unhanged. This is
analogous to the Dira relation between eletri and mag-
neti monopoles. Furthermore, these partiles possess a
third eletri-like harge (c), unrelated to the two pre-
vious ones. The partition funtion sum now has been
redued to onsidering all partile ongurations, blend-
ing spins and bosons in this Coulomb gas representation,
where we have partiles plus neutrality onditions.
A partially traed partition funtion allows us to link
problems that are originally quite distint. For exam-
ple, the only dierene between the CG's of the single
impurity Kondo problem and the problem of tunneling
though an impurity in a Luttinger liquid
42
are the neu-
trality onditions. Analogously, the two-hannel Kondo
problem
43,44
and the double barrier tunneling
42
an be
mapped into eah other with the same neutrality ondi-
tions. The KLM also has an unsuspiious ounterpart
in the literature: two weakly oupled spinless Luttinger
liquids.
31,45,46
The tunneling from one LL to the other
is analogous to a spin ip proess that satters a boson
from an up spin band to a down one and vie-versa. In
partiular, the two problems give the same eetive a-
tion (with dierent neutrality onditions) if we disregard
the bakward-sattering terms in Eq. (2) and onsider
the anisotropi ase κ = 1 (Jfz = 0).
In the following setion, we will derive the Coulomb
gas renormalization group equations following losely
x
τ
RG step
x
τ
x
τ
x
τ
(b) (c)(a)
Figure 2: Length resaling in the CG. Originally distint
harge ongurations are identied at the new sale.
the review by Nienhuis.
27
As expeted, the proedure
strongly resembles the renormalization group analysis
of the tunneling between 2 LL's.
31,45,46,47,48,49,50
The
Coulomb ouplings gσ,ρ are equal to 1 for non-interating
ondution eletrons. However, the same RG equations
will apply to the ase of ondution eletrons with an
SU(2) non-invariant forward sattering interation. In
this ase, the initial values of gσ,ρ are the orresponding
Luttinger liquid parameters.
29
We will not dwell upon
this ase here, but its phase diagram is analogous to the
one we will derive below.
IV. RENORMALIZATION GROUP EQUATIONS
The philosophy of the renormalization group is to
sum the partition funtion by innitesimal steps and
nd reursive equations for the oupling onstants while
keeping the same form of the eetive ation. In a
Coulomb gas eah step orresponds to three distint pro-
edures: length resaling, partile fusion and partile
annihilation.
27
In order to implement these proedures
all the partile fugaities must be small and we are fored
to impose Jbz and J
f,b
⊥ ≪ t.
The rst step onsists of integrating large wavelength
modes and then resaling parameters so as to reonstrut
the original ation form.
51
This orresponds to the overall
length resaling:
rij =
r¯ij
1− dℓ (14)
in the ation and the partition funtion measure Dη.
Upon resaling we lose the ability to distinguish er-
tain previously distint harge ongurations as exempli-
ed in Fig. 2. Applying Eq. (14) to the eetive ation
Eq. (12) and expanding the logarithm for dℓ ≪ 1, we
obtain:
7fugaity (m, e, c) Number of partiles
G˜ = 0 (±2, 0, 0) N4
G = 0 (0,±2, 0) N5
Γ = 0 (0, 0,±2) N6
Table II: New partiles reated upon resaling and their
harges.
Seff = S¯eff +
1
2
∑
i6=j
[
κ2
gσ
m (ηi)m (ηj)
+ gσe (ηi) e (ηj) + gρc (ηi) c (ηj)] dℓ.
The neutrality onditions an be used to rewrite the last
term as a single sum over sites:
S¯eff = Seff +
1
2
∑
i
[
κ2
gσ
m (ηi)
2
+ gσe (ηi)
2
+ gρc (ηi)
2
]
dℓ. (15)
The integral over η is the sum over all possible partile
positions, and its resaling leads to:
dηi =
dη¯i
(1− dℓ)d
. (16)
We have left the dimension d unspeied for the fol-
lowing reason. Sine a partile an only exist at the spae
oordinate where a spin exists, we an dene two impor-
tant limits in the KLM. If the Kondo spins are separated
by a distane greater than dℓ, the sum over idential
ongurations is one dimensional (d = 1), as in the sin-
gle impurity ase (see (b) and (c) of gure 2). This is
the dilute limit or inoherent regime of the Kondo lat-
tie, where the saling proeeds exatly as in the single
impurity Kondo problem in a LL as found by Lee and
Toner.
37
In ontrast, when dℓ is larger than the distane
between Kondo spins we are in the dense limit
19
or o-
herent regime of the Kondo lattie. In the latter ase,
the identiation of initially distint ongurations an
involve harges at dierent spae oordinates, implying
that d = 2 (see (a) in gure 2). We will fous on this
oherent regime and set d = 2 from now on.
Colleting Eqs. (15) and (16) we an express the parti-
tion funtion one again as a Coulomb gas by redening
the partile fugaities. A partile with harges (m, e, c)
has its fugaity Ym,e,c renormalized as
dYm,e,c
dℓ
=
(
2− 1
2
(
κ2
gσ
m2 + gσe
2 + gρc
2
))
Ym,e,c.
(17)
This equation gives the dimension of the orresponding
operator and leads to the standard relevane riteria for
x
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Figure 3: Close pair proesses in the RG step: (a) partile
annihilation and (b) partile fusion.
bosoni operators. However, we have so far disregarded
two possibilities. Suppose that a pair of initially distint
partiles is within range of the new smallest sale. Fol-
lowing Anderson et al.
24
we all it a lose pair. After
the RG step we an no longer resolve these two partiles
as separate entities. On the one hand, if the partiles
have preisely opposite harges we have a pair annihi-
lation (see (a) in Fig (3)). The residual dipole polar-
ization of this pair renormalizes the interation among
the other partiles, leading to the RG equations for gσ
and gρ. Note that κ is an RG invariant. On the other
hand, if the pair is not neutral the partiles are fused
into a new partile arrying the net harge (see (b) in
Fig (3)). This last proess may atually reate parti-
les previously absent in the gas. There are three new
kinds of partiles reated upon fusion in the dense limit
with initial onditions gσ ∼ gρ ∼ 1. Their harges and
fugaities are listed in Tab. II. These new entities or-
respond to originally marginal operators that are absent
in the bare problem (their physial meaning will be dis-
ussed in the next setion). Other partiles with higher
harges ould also be onsidered, but from Eq. (17) it is
lear that they are highly irrelevant and therefore an be
negleted. Colleting the annihilation and fusion terms,
derived in Appendix B, and adding the dimensionality
equation (17), we omplete the renormalization group
equations. Away from half-lling, where the bakward-
sattering terms are irrelevant, partiles with fugaities
y2,3 and Γ an be disregarded. Thus, only ongurations
involving the fugaities y1, G and G˜ need to be onsid-
ered. On the other hand, at half-lling all partiles from
Tabs. I and II should be inluded. This leads to the fol-
lowing renormalization group equations
8• Away from half-lling
dy1
dl
=
(
2− 1
2
(
κ2
gσ
+ gσ
))
y1 +
sin (2πκ)
2κ
y1
(
G+ G˜
)
,
dG
dl
= 2 (1− gσ)G+ πy21 ,
dG˜
dl
= 2
(
1− κ
2
gσ
)
G˜+ πy21 ,
1
2π2
d ln gσ
dl
=
sin (2πκ)
4πκ
(
κ2
gσ
− gσ
)
y21 +
κ2
gσ
G˜2 − gσG2,
1
2π2
d ln gρ
dl
= 0.
• At half-lling
dy1
dl
=
(
2− 1
2
(
κ2
gσ
+ gσ
))
y1 +
sin (2πκ)
2κ
y1
(
G+ G˜
)
+ πy2y3,
dy2
dl
=
(
2− 1
2
(
κ2
gσ
+ gρ
))
y2 +
sin (πκ)
κ
y1y3 + πy2
(
G˜+ Γ
)
,
dy3
dl
=
(
2− 1
2
(gσ + gρ)
)
y3 +
sin (πκ)
κ
y1y2 + πy3 (G+ Γ) ,
dG
dl
= 2 (1− gσ)G+ π
(
y21 + y
2
3
)
,
dG˜
dl
= 2
(
1− κ
2
gσ
)
G˜+ π
(
y21 + y
2
2
)
,
dΓ
dl
= 2 (1− gρ) Γ + π
(
y22 + y
2
3
)
,
1
2π2
d ln gσ
dl
=
sin (2πκ)
4πκ
(
κ2
gσ
− gσ
)
y21 +
κ2
gσ
(
G˜2 +
y22
2
)
− gσ
(
G2 +
y23
2
)
,
1
2π2
d ln gρ
dl
= −gρ
(
y22
2
+
y23
2
+ Γ2
)
;
A numerial solution of these sets of equations is shown
in Fig. (4) and Fig. (5). For these partiular plots we used
y1,2,3 (0) = 0.01, gσ (0) = gρ (0) = 1 and G(0) = G˜ (0) =
Γ (0) = 0. The RG ows were stopped when any of the
fugaities reahed the value of 1 and the values of the
other parameters were then plotted at this point. The
ow equations depend only on the absolute value of κ.
As an be readily heked, the equations always ow
to strong oupling. Nevertheless, speial values of |κ| al-
low us to trae regions with qualitatively dierent ows.
Sine the RG equations depend only on |κ|, those regions
are mirror reetions on the κ = 0 line, the Toulouse
line.
19
For κ2 > 3, single spin ip proesses are irrel-
evant (y1,2 → 0), just like in the FM single impurity
Kondo problem.
24,52
Moreover, the nal ow is indepen-
dent of the preise value of κ , learly indiating a distint
phase of the model. From now on, we will denote this
phase as region 1. In ontrast, spin ips are always rele-
vant for |κ| < 3, but we also enounter a seond speial
ow. For |κ| = 1, the partile fugaities G and G˜ are
always the same. There is also a preise balane between
the magneti (κ2/gσ) and eletri (gσ) interations.
Consequently, the ground state is a plasma for partiles
of type (m, e, 0), implying that φs and θs are ompletely
disordered. In fat, κ = 1 orresponds to the ritial
point of the problem of two weakly oupled LL's. There-
fore, we an safely identify |κ| = 1 as a boundary between
dierent phases. For other values of |κ| the interations
are sreened (g → 0 or∞) and/or the fugaities have dif-
ferent ows. It is lear that for 1 < κ2 < 3 (denoted as
region 2) single-spin-ip fugaities beome less and less
relevant as κ2 → 3. This suggests a transition region
from the disordered state at |κ| = 1 to the ow of region
1. We shall all |κ| < 1 region 3. In ontrast to the
previous ases, single ips are always strongly relevant
in this region. The order of relevane of the fugaities
hanges a few times as κ is varied in this region. How-
ever, a partiularly simple ase ours in the Toulouse
line (κ = 0).
Even though the renormalization ows are lear and
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Figure 4: RG ow away from half-lling as a funtion of κ.
the speial ows were identied, their physial interpre-
tation is less straightforward. In order to proeed we
must assign a physial meaning to eah partile in the
gas, from whih we an then attempt to determine the
phase diagram.
V. EFFECTIVE HAMILTONIANS
At eah RG step we rewrote the problem as a CG.
Moreover, all the neutrality onditions were preserved
by the RG step. We therefore an dene a quantum
Hamiltonian that reprodues the CG at eah step. This
eetive Hamiltonian allows us to understand the behav-
ior of the system and, in ertain speial ases, to infer its
phase.
In the dense limit of the KLM, the distane between lo-
alized spins is of the order of the smallest bosoni wave-
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Figure 5: RG ow at half-lling as a funtion of κ.
length available. Therefore, after the rst RG step we
were fored to introdue new entities in the problem.
Their Hamiltonian form is trivially guessed from their
denitions,
O1 ∼ G˜
[
F †R↑FR↓F
†
L↑FL↓
e
i|κ|
√
8pi
gσ
θs(x)S− (x+ δ)S− (x) + h.c.
]
, (18a)
O2 ∼ G
[
F †R↑FR↓F
†
L↓FL↑
ei
√
8πgσφs(x)S+ (x+ δ)S− (x) + h.c.
]
, (18b)
O3 ∼ 4Γ
∑
{η 6=ν}=R,L
∑
{σ1,σ2}=↑,↓
[
F †ησ1Fνσ1F
†
νσ2
Fησ2
ei
√
8πgρφc(x)+4ikF xSz (x+ δ)Sz (x) + h.c.
]
,(18)
where δ is a distane of the order of the inverse of the
10
bosoni ut-o (∼ α). Both the O1 and the O2 terms
involve simultaneous ips of two nearby spins and the
reation of partiles with harges (m, e, c) = (±2, 0, 0)
and (0,±2, 0), respetively. In ontrast, O3 is not re-
lated to spin ips and generates partiles with harges
(0, 0,±2). It is simple to understand their origin. In the
original Hamiltonian of Eq. (2), it is possible to spatially
resolve the fermion-spin sattering events . As we re-
due the bosoni ut-o this is no longer true, and we
must onsider multiple sattering events within the new
smallest sale, α. There are lear similarities between
the ondution eletron operators in Eqs. (18) and the
usual baksattering and Umklapp operators. The stan-
dard piture of the RKKY interation is that of an ef-
fetive spin-spin interation mediated by the ondution
eletrons. In light of Eqs. (18), it seems natural to on-
sider also the opposite point of view: an indiret eletron-
eletron interation mediated by the loal spins. The RG
proedure introdues these omposite events in a natural
fashion.
The nal operator that must be introdued in the ef-
fetive Hamiltonian is a result of the annihilation proess.
Unlike fusion, when a pair is annihilated the zeroth order
term in an Operator Produt Expansion of the bosoni
elds is a onstant. Nevertheless, it is still a funtion of
the loal spins and must be onsidered at the last RG
step in order to establish an eetive Hamiltonian. Col-
leting all possible pair annihilation terms and expanding
point-split bosoni operators we get
Oz ∼ 4
(
G˜2 −G2
)
Sz (x+ δ)Sz (x)
+
(
y21 + y
2
2
)
S− (x+ δ)S+ (x) + h. c. (19)
It must be stressed that the spin operators in Eqs. (18)
and (19) should not be understood as the original loal
spins. Consider the spin history of Fig 6 as an exam-
ple. Suppose that the pair ip-antiip is produed by
a forward Jf⊥ term and a bakward J
b
⊥ term at times τ
and τ + δ within the new renormalization sale. This is
equivalent to having no ip at all and annot be distin-
guished from a partile with fugaity Jbz . At the operator
level, this is formally aomplished by summing over all
possible produts of ip operators, expanding the result
in δ ∼ α and reordering the Klein fators. The latter
are atually ruial for the orret nal sign (see Ap-
pendix C for details). Thus, we exatly reprodue the
z-baksattering partile by dening the Sz spin at the
new sale as
2Sz (x¯, τ¯) ≡ S+ (x, τ + δ)S− (x, τ) − S− (x, τ + δ)S+ (x, τ) .
A similar alulation an be done for any other possible
spin history and bosoni operator within a disk of
radius δ ∼ α. Therefore, the loal spins in the eetive
Hamiltonian represent blok spins (as in the example
above) and not the original ones.
τ1 τ2τ τ+δτ τ1 τ2τ τ+δτ
∼
Figure 6: Two dierent spin histories at the older RG sale
that annot be distinguished at the new one.
Taking δ as the lattie spaing at the last RG step
and olleting all these operators, we nd the eetive
Hamiltonian
Heff = H0 +
∑
j
{
4
[
G˜2 −G2
]
+ 8Γ cos
(√
8πgρφc (xj) + 4kFxj
)}
Sz (xj+1)S
z (xj)
+ 8y3 sin
(√
2πgρφc (xj) + 2kFxj
)
sin
(√
2πgσφs (xj)
)
Sz (xj)
+ 2
[
y1 cos
(√
2πgσφs (xj)
)
+ y2 cos
(√
2πgρφc (xj) + 2kFxj
)]
e
i
√
2pi
gσ
κθs(xj)S+ (xj)
+
[
Gei
√
8πgσφs(xj) + y21 + y
2
2
]
S+ (xj+1)S
− (xj)
+ G˜e
i
√
8pi
gσ
κθs(xj)S+ (xj+1)S
+ (xj) + h. c. (20)
VI. 1D ANISOTROPIC KLM PHASE DIAGRAM
For ertain values of κ the eetive Hamiltonian in
Eq. (20) is independent of the bosoni elds at the end
of the RG ow. We will exploit these ases to intuit the
various phases of the model.
We start by onsidering the system away from half-
lling, where y2,3 are irrelevant and Γ ≡ 0. The RG
ows are summarized in Table III.
In region 1, the only relevant fugaity is G. There-
fore,
√
8πgσφs freezes at π. This redues Eq. (20) to the
anisotropi ferromagneti Heisenberg model
11
Region y1 G G˜ G˜−G
1 → 0 →∞ 0 < 0
2 →∞ →∞ →∞ < 0
3 →∞ →∞ →∞ > 0
Table III: RG ows for the fugaities away from half-lling.
Heff ∼
∑
j
(−4G2)Sz (xj+1)Sz (xj) (21)
− G [S+ (xj+1)S− (xj) + S+ (xj)S− (xj+1)]
in its ordered phase (G ∼ 1, 〈Sz〉 = 1/2).
The eetive Hamiltonian for the κ = 0 line, the
Toulouse line, is also independent of the bosoni eld.
Sine the most relevant fugaity is y1,
√
2πgσφs freezes
at π. This leads to an antiferromagneti XYZ model in
an external eld
Heff ∼
∑
j
2
[
G˜2 −G2
]
Sz (xj+1)S
z (xj)− 4y1Sx (xj)
+
(
y21 +G+ G˜
2
)
Sx (xj+1)S
x (xj)
+
(
y21 +G− G˜
2
)
Sy (xj+1)S
y (xj) . (22)
In this ase, the eetive spin Hamiltonian exhibits order
in the XY plane, G ∼ G˜ ∼ y ∼ 1. Nevertheless, this does
not imply any order of the original spins. As we stated
before, all our results must be understood in the rotated
basis of Eq. (13). This ensures that the original model,
Eq. (2), is still disordered, as emphasized in Ref. 19.
Therefore, the system is paramagneti with short range
antiferromagneti orrelations. Although the Toulouse
line orresponds to a partiular ase, it seems reasonable
to extend this assignment to the entire region 3. For one
thing, beause the rst term in Eq. (22), whih drives the
antiferromagneti tendeny, remains positive throughout
this region. Besides, the XY disordering terms are the
dominant interation in the region. In partiular, in the
|κ| = 1 line, the symmetri ow of G and G˜ ensures that
the z-term vanishes and therefore the order parameter
〈Sx,y,z〉 is still zero. Hene, we propose that the entire
region 3 is a paramagneti phase with short range antifer-
romagneti orrelations. Note that this is not neessarily
true for other observables, sine the ows near |κ| = 0
and |κ| = 1 are qualitatively dierent.
There is no simple eetive Hamiltonian within region
2, but the disordering term, proportional to y1, beomes
progressively less relevant as κ2 → 3. More importantly,
the short range z orrelations turn from antiferro- to fer-
romagneti. Consistent with the identiation of region
1 as a ferromagneti phase, these two features lead us
to tentatively identify region 2 as a ferromagnetially or-
dered phase with unsaturated magnetization of the spins.
Colleting these results, we onlude that there are at
least two ontinuous phase transitions in the anisotropi
KLM far from half-lling. The rst transition, from
region 1 to region 2 in Fig. 7, reminisent of the
Berezinskii-Kosterlitz-Thouless transition of the single
impurity Kondo model,
24
separates regions of relevane
and irrelevane of the single ip proess. The eetive
model for region 1, Eq. (21), has ferromagneti order with
full saturation of the loalized spins. A regime with ferro-
magneti order, however, is beyond the present bosoniza-
tion treatment, sine the spin polarization of the ondu-
tion eletrons leads to dierent Fermi veloities for up
and down spin eletrons. However, the RG ow is still
able to indiate its existene through the irrelevane of
single spin ips and the nature of the eetive Hamil-
tonian (21). Ferromagnetism is simple to understand in
the strong oupling limit (|Jz| ≫ J⊥). In this ase, ferro-
magneti ordering allows the eletrons to lower their ki-
neti energy. In fat, this piture seems to survive down
to the isotropi ase both for Jz > 0
12,53
and Jz < 0.
2
In the FM ase, this mehanism is well established and
is usually alled double exhange. However, in the AFM
hain this simple image of an up-spin eletron moving in a
bakground of loalized down-spins is no longer valid (as
an be analytially heked in the Kondo lattie with one
eletron
12,53
). In the latter, the objets that lower the ki-
neti energy are atually the Kondo singlets. Following
this argument, the total spin per site (eletrons+spins)
would be Sztot = 〈Sz〉−nc/2 = (1−nc)/2 in the antiferro-
magneti ase and Sztot = (1+nc)/2 in the ferromagneti
one, as observed numerially.
2,12
There is another ontinuous phase transition line from
region 2 to region 3 in Fig. 7, similar to the transition
of the Ising model in a transverse eld,
33
that separates
a paramagneti phase (region 3 of Fig. 7) from a region
with unsaturated magnetization of the loalized spins.
The magnetization grows ontinuously up to the border
of region 1. It is tempting to identify region 2 with simi-
lar phases with unsaturated moments found in numerial
studies of both the isotropi FM KLM of Dagotto et al.
2
and the isotropi AFM KLM of Tsunetsugu et al.
12
The numerial studies of the FM KLM also identied
a region of phase separation.
2
We did not nd any indi-
ation of phase separation. We an think of two reasons
why. First, the oupling onstant in that region is of the
order of the eletron bandwidth and therefore bosoniza-
tion is no longer valid. Moreover, this phase is a om-
petition between the ferromagneti tendenies of lower
band llings and the antiferromagneti ounterpart at
half-lling. Sine we ompletely neglet baksattering
(ultimately responsible for the antiferromagnetism) this
phase was lost even before we began.
As we pointed out before, at half-lling we are able
to inlude the baksattering terms in the RG sheme.
We will now onsider this ase. The rst result from
the RG ow is that O3, whose bosoni part is idential
12
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Figure 7: Phase diagram of the 1D anisotropi KLM away
from half-lling. Regions 1 are fully polarized ferromagnets,
regions 2 are partially polarized ferromagnets and regions 3
are paramagneti. See text for details.
to an Umklapp term, is always relevant, pointing to the
presene of a harge gap. The spin setor is more subtle
and we must onsider some speial ases.
Region 1 an be simply analyzed. The interation pa-
rameters gσ and gρ go to zero and the most relevant fu-
gaity is y3. Therefore,
√
2πgρφc freezes at
π
2 . The other
relevant ows are Γ and G. The eetive Hamiltonian re-
dues to an anisotropi ferromagneti Heisenberg model
in a staggered eld,
Heff ∼
∑
j
(−4G2 − 8Γ)Sz (xj+1)Sz (xj)
− GS+ (xj+1)S− (xj) + h. c.
+ (−1)xj 8y3Sz (xj) .
The staggered eld indues Néel order, but the system
has strong ferromagneti tendenies. As we move away
from half-lling, the staggered eld beomes progres-
sively irrelevant and the ferromagneti eetive model
is reobtained.
The κ = 0 point is one again very speial. At the
end of the RG ow, the eetive Hamiltonian is also free
of the bosoni elds and the most relevant fugaities are
y2 and y1. They fore
√
2πgρφc and
√
2πgσφs to freeze
at π, suppressing the staggered eld in the z diretion.
Thus, the Toulouse point eetive Hamiltonian is
Heff ∼
∑
j
[
2
(
G˜2 −G2
)
+ 4Γ
]
Sz (xj+1)S
z (xj)
−
(
G+ y21 + y
2
2 + G˜
2
)
Sx (xj+1)S
x (xj)
−
(
G+ y21 + y
2
2 − G˜
2
)
Sy (xj+1)S
y (xj)
− 4 (y1 + (−1)xj y2)Sx (xj) .
As before this does not imply any order of the original
spins in the XY plane. From this eetive model we an
see that the |κ| = 0 point is haraterized by spin and
harge gaps and no ordering.
In summary, at half lling we assign two distint mag-
neti phases. Regions 1 and 2 have Néel order in the
z diretion. On the other hand, if we assume that the
Toulouse line features an be extended to the entire re-
gion 3, we an identify this region with a paramagneti
phase. The several hanges in the relative ows maybe
a sign of additional phases as a funtion of κ. However,
the eetive Hamiltonian annot be so easily solved and
we are unable to make further progress.
The KLM at half-lling was studied by Shibata et al.
14
By looking at the strong oupling limit, they were able
to nd ve distint magneti phases, whih they argue
survive down to weak oupling: two Néel phases (FM
and AFM), a planar phase (the triplet state with Sz =
0), a Haldane phase and a Kondo singlet (paramagneti)
phase. Beause of the relevane of baksattering and
the ondition J˜bz ≪ 1, a diret omparison between the
RG ows and the available numerial results is restrited
to κ ∼ 1. This neighborhood has no simple eetive
Hamiltonian and we are unable to make diret ontat
with the numerial results. We an point out, however,
that the strong oupling ow of gσ is an indiation of the
opening of a spin gap, though this is less ertain beause
of the diulty of analyzing the eetive Hamiltonian.
This possible spin gap is ompatible with the Haldane
type phase at Jz < 0 and the Kondo singlet phase at
Jz > 0 obtained in Ref. 14. As we dope the system away
from half-lling the bakward-sattering terms beome
irrelevant, and a diret omparison with the numerial
data beomes more feasible.
As a nal illustration of the usefulness of the Coulomb
gas mapping, we develop in Setion VII its appliation
to a related yet simplied model of spins and fermions:
the Ising-Kondo hain. Its simpliity makes it a more
pedagogial example of the formalism.
VII. THE ISING-KONDO CHAIN
The Ising-Kondo model,
13
H =
∑
~k,σ
ε~kψ
†
~k,σ
ψ~k,σ + J
∑
i,s,s´
Szi ψ
†
i,s
σzs,s´
2
ψi,σ¯ + y
∑
i
Sxi ,
was proposed by Sikkema et al.
28
as a model for the weak
antiferromagnetism of URu2Si2. Here, we will onsider
the one dimensional version of this model and apply the
same methods that we used in the Kondo hain. Using
bosonization and disregarding the baksattering terms,
the Hamiltonian simplies to
H = H0 +
∑
i
√
2
π
J˜∂xφ (i)S
z (i)− y˜Sx (i) , (23)
where the oupling onstants were resaled by the Fermi
veloity as before. Eq. (23) is idential to the o-operative
Jahn-Teller Hamiltonian.
55
The lower symmetry of the
model allows us to foresee that the sign of J is irrelevant
to the physis. It is also a well known result from the o-
operative Jahn-Teller problem that the strong oupling
limits J˜ ≫ 1 and y˜ ≫ 1 show easy axis order in the z
and x diretions, respetively.
Exatly as in the KLM, we an proeed by going to
a path integral formulation with bosoni oherent states
and the loal spin Sz basis. After traing the bosoni
elds and integrating by parts the spin variables, the
Coulomb gas that follows has only one breed of parti-
les (m, 0, 0), subjeted to the neutrality ondition 1 of
Setion II. To mimi our previous notation we dene
g =
√
2π
J
. Assuming y˜ ≪ 1, the RG equation an be de-
rived in a similar fashion. They orrespond to the stan-
dard Kosterlitz-Thouless equations,
dy
dl
= 2 (1− g) y,
d ln g
dl
= −gy2.
For g > 1, spin ip proesses are irrelevant (see Fig. 8,
region 1). In the Jahn-Teller language this orresponds
to a ferrodistortion of the y ≪ J xed point. On the
other hand, for g < 1 spin ips are relevant, y →∞ and
g → 0 (see Fig. 8, region 2). We an nd an eetive
Hamiltonian to shed light on the physis in this regime.
Indeed, we ould have applied the rotation in Eq. (13) to
the original Hamiltonian to get
H = H0 − y
2
e−i
√
8πgθ(xi)S+ (xi) + h. c.+ s. r. t.,
where s. r. t. stands for short range terms. The
operators in this rotated basis are alled displaed in
the o-operative Jahn-Teller literature.
55
This rotation is
equivalent to the integration by parts of the Sz variables
in the time diretion, as we saw. By taking now y →∞
and g → 0, the eetive Hamiltonian is simply a magneti
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Figure 8: Phase diagram of the Ising-Kondo hain. In Re-
gion 1 the transverse eld is irrelevant, while in Region 2 it is
relevant. See text for details.
eld in the x diretion ating to order the loal spins.
Unlike in the KLM, the original spins are also ordered in
the x diretion sine θ freezes at the value of zero. The
transition is ontinuous and of the Kosterlitz-Thouless
type.
VIII. DISCUSSION AND CONCLUSIONS
We have proposed in this artile what is the natural
extension to the one-dimensional lattie of the highly su-
essful approah of Anderson, Yuval and Hamman
22,23,24
to the single impurity Kondo problem. The mapping to a
Coulomb gas is made speially easy by using bosonization
methods and partiularly subtle developments demon-
strate the importane of a areful onsideration of Klein
fators, so often negleted in most treatments.
29
Sine
bosonization relies on the linearization of the ondution
eletron dispersion and is appropriate for the analysis
of the long-wavelength physis it is never quite obvious
how far it an be taken in its appliation to lattie sys-
tems. However, motivated by its suess in the Hubbard,
Heisenberg and other models, it is reasonable to attempt
a diret omparison of our treatment to the phases of the
anisotropi Kondo lattie model.
One of the hardest tasks in our treatment is the ex-
tration of physial information from the eetive mod-
els we obtain after several resaling steps. Some spe-
ial lines in the phase diagram an be more ondently
analyzed, but as is ommon in RG treatments, we are
then fored to attempt an extrapolation to other regions
based on ontinuity arguments. This is speially true in
our ase, where most of the ows are towards strong ou-
14
pling. Given these aveats, however, the overall topology
of the phase diagram away from half-lling is ompatible
with the known phases of the isotropi model.
2,12
The ex-
tension of these studies to the anisotropi ase would be
highly desirable. At half-lling, the method itself limits
its appliation to the Jz ≪ t region. Unfortunately, this
is one of the regions where the eetive Hamiltonian is
hard to solve and we are not able to explore the rih phase
diagram obtained in Ref. 14. Nevertheless, we do nd a
harge gap at half-lling throughout the phase diagram,
whih seems ompatible with the numerial results. The
question of the spin gap is less lear but our results are
also ompatible with what is known numerially.
We would also like to try to make ontat with previ-
ous studies of the Kondo lattie model in one dimension
based on the use of Abelian bosonization. In the impor-
tant work of Zahar, Kivelson and Emery,
19
where the
rotation of Eq. (13) is rst used, the highly anisotropi
Toulouse line (κ = 0) is analyzed in detail. One of
their ndings is the presene of a spin gap in the spe-
trum away from half-lling, whih also appears in our
eetive Hamiltonian. At half-lling, they also nd spin
and harge gaps, whih seem ompatible with our re-
sults. They also point out that the metal-insulator tran-
sition as n→ 1 is of the ommensurate-inommensurate
type.
54
In our treatment, the ommensurability ondi-
tion 4kFa = 2πn = 1 for the relevane of the bakward
sattering terms, the same as in the Hubbard model, is
a strong indiation that the transition is indeed of this
type.
Honner and Gulási have also investigated the spin dy-
namis of the isotropi Kondo hain.
18,20
After smearing
out the disontinuity in the ommutation relations of the
bosoni elds, they replae the latter by their expetation
value in the non-interating ground state and write an ef-
fetive Hamiltonian for the loalized spins. This Hamil-
tonian an then be treated numerially and the phase
diagram determined. This proedure requires the tting
of the smearing length sale to numerial results. One
of the advantages our treatment brings to the problem is
the ability to do the full analysis analytially and without
any a priori assumption about the boson dynamis. In
fat, the Coulomb gas mapping treats spins and bosons
on the same footing. Besides, no tting to numerial re-
sults is neessary. A disrepany between our results and
those of Honner and Gulási is the partially polarized FM
phase we nd at Jz < 0. In their treatment, a PM phase
is found instead. It would be interesting to extend their
treatment to the anisotropi ase for a fuller omparison.
Reently, Zahar
21
oneived an alternative approah
to the KLM in the rotated basis. He used a partiular
example of the rotation in Eq. (13)
U¯ = ei
√
2π
∑
x θs(x)S
z(x),
and treated the KLM in a self-onsistent mean-eld ap-
proximation. This approah led him to predit three dif-
ferent phases in the AFM KLM as well. The rst region
is ontrolled by the paramagneti Toulouse line xed
point. In the rotated basis, this phase is haraterized by
〈Sz (x)〉 = 0 and 〈Sx 6= 0〉, preisely as we nd in region
3 of Fig. 7. Another phase has 〈Sz〉 6= 0 and 〈Sx〉 = 0.
In this ase, the system exhibits ferromagneti order in
the original basis, and therefore ould be identied with
region 1 of Fig. 7. Finally, embedded between these two
phases, he also nds a third intermediate region, whih
he identies as a soliton lattie, with 〈Sz〉 6= 0 and
〈Sx〉 6= 0. It is tempting to assoiate this intermediate
phase with region 2 of Fig. 7. However, Zahar proposes
a dierent desription alling region 1 a staggered liquid
Luttinger liquid, whereas we nd it muh more natu-
ral to assoiate 〈Sz〉 6= 0 with ferromagneti order. He
also onjetures that region 2 does not exist. Finally,
he argued that all transitions are rst order and of the
ommensurate-inommensurate type, while we nd them
to be ontinuous.
In onlusion, we have presented a exible treatment
of a one-dimensional system of spins and fermions based
on a mapping to a Coulomb gas, whih we treat within
a renormalization group approah. When applied to the
Kondo lattie model, the method enables us to identify
its various phases both at and away from half-lling.
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Appendix A: NEUTRALITY CONDITIONS FOR
THE KLM
Neutrality onditions are ommon in Coulomb gas for-
mulations of quantum problems. In the simplest applia-
tions, these onditions impose that the overall harge is
zero as, for instane, in the sine-Gordon model.
27,31
As
applied to our ase this ondition reads
∑
i
m (xi, τi) =
∑
i
e (xi, τi) =
∑
i
c (xi, τi) = 0. (A1)
They are the mathematial expression of the ondition
for the bosoni orrelation funtions not to vanish in the
thermodynami limit and they also ensure the overall
anellation of the Klein fators. However, in the KLM
the presene of both spins and bosons leads to more strin-
gent neutrality onditions than in other problems. There-
fore, besides Eq. (A1), there are two additional restri-
tions.
15
The rst one omes from the impossibility of perform-
ing two onseutive upward spin ips on a given loalized
spin-
1
2 site. Sine, from Eq. (6) the m = ±1 variable
gives the diretion of a spin ip, it follows that m must
alternate in time. This ondition is also present in the
Coulomb gas formulation of the single impurity Kondo
problem.
22
As a diret onsequene of the alternation of
the harge m and the periodi boundary onditions in
imaginary time, we obtain the rst strong neutrality
ondition: the total harge m at a given spatial position
is zero
∑
im (xfixed, τi) = 0. This gives ondition 1 of
Setion II, whereas ondition 2 is already ontained in
Eq. (A1).
The seond additional restrition is slightly less ob-
vious. From Eq. (7), we see that eah ontribution to
the partition funtion has a prefator sign that depends
on a string of Klein fators and Sz operators, the latter
oming from z bakward-sattering events generated by
Hbz of Eq. (3d). The neutrality ondition we will derive
omes from the anellation of terms with idential ab-
solute values but with opposite prefator signs. This will
nally lead to ondition 3 of Setion II. We will now
onsider dierent ases separately.
Let us rst fous on the ontributions to the partition
funtion oming from terms with forward sattering only
(Eqs. (3b) and (3)). If there are no spin ips, then the
prefator is obviously positive. When there is a pair of
opposite ips (the only possibility allowed by the neutral-
ity ondition 1), then, beause of the overall neutrality
ondition 2, the Klein fators anel
F †ησ1Fησ2F
†
ησ2
Fησ1 = 1,
preserving the positive sign. Consideration of ongu-
rations with additional pairs of ips leads to the same
anellation of Klein fators.
Next, we look at ontributions generated by
Hb⊥(Eq. (3e)) only. By onsidering again inreasing num-
bers of pairs of opposite ips as in the previous paragraph
we arrive at an analogous anellation of Klein fators.
Moving on now to ontributions oming from Hbz
(Eq. (3d)), we rst onsider the possibility of no spin
ips. In this ase, integrating out the bosoni modes, the
ontribution to the partition funtion is
z ∼ e
±2ikF∆xij
r
gρ+gσ
ij
Sz (i)Sz (j) , (A2)
where the Klein fators also anel niely. Traing over
the spin variables leads to no ontribution to the parti-
tion funtion sum, unless i and j have the same spae
oordinate. What happens for a higher number of inser-
tions of Hbz ? For the general ase of N partiles oming
from Hbz , the ontribution to the partition funtion will
be
z ∼ e
∑
ij ln|rij |(gρcicj+gσeiej)
∏
i
e2ikF cixiSz (i) .
τ 2 τ 1 τ 1τ 2
τ τ
B z
bB Az
bC
Figure 9: A possible spin history and the diagrammati rep-
resentation of Eq. (A3). In the gure, AbzB⊥ = B⊥C
b
z , where
Abz = F
†
ησFνσσ (τ1), B⊥ = F
†
ξ↑Fψ↓ and C
b
z = F
†
ησFνσσ (τ2).
Note how eah Sz insertion omes with a orresponding
c harge. Thus, it is simple to show that traing over
Sz (i) leads to the ondition of having an even number of
partiles of harge c at eah spatial oordinate. Moreover,
the reordering of Klein fators leads to their omplete
anellation.
In order to generalize this result to a onguration with
an arbitrary number of spin ips let us assume initially
that there are only ips of one kind: either Hf⊥ or H
b
⊥.
By using the identity (using Pauli matries instead of
spin operators)
σ1F
†
ησFνσF
†
ξσ1
Fψσ2 = σ2F
†
ξσ1
Fψσ2F
†
ησFνσ, (A3)
with ν 6= η and σ1 6= σ2, it is easy show that an Hbz
insertion on one side of a domain wall an be moved to
the other side with a sign hange (see Fig. 9). Now on-
sider, for example, a pair of partiles generated by Hbz as
before. When there is a pair of ips lying along the time
line, we an move the Klein fators and Sz through the
domain walls with the identity above and anel them
out. Therefore, our previous result, obtained without
the ips, remains valid. This an be generalized for any
number of ips. Finally, we must onsider the possibility
of having ips oming both from Hf⊥ and H
b
⊥. For this
we note that a ip from Hf⊥ and a subsequent opposite
ip from Hb⊥ fuse in a way whih is preisely equivalent
to the insertion of a single Hbz partile (Klein fators, Sz
operators and all). Therefore our previous onlusion is
valid in this ase as well: there must be an even num-
ber of c harges (not neessarily neutral) at eah spae
oordinate.
Finally, we have so far onsidered insertions along one
imaginary time line only, whih is not the general ase.
Nevertheless, beause there is always an even number of
Klein fators in eah time line, we an always reorder
them so as to group together ontributions from indi-
vidual time lines without introduing additional signs.
Then, the previous analysis an be used to prove the
global anellation of Klein fators and Sz operators in
the general ase as well.
We would like to note that the arguments presented in
this Appendix indiate a rather surprising preise anel-
lation of Klein fators and Sz operators, suggesting that
perhaps there is a deeper underlying symmetry behind
this result. However, we were not able to nd a more
general symmetry-based demonstration. We also point
out that, in the problem of a single Kondo impurity in
16
a Luttinger liquid, Lee and Toner
37
introdue the same
kinds of partiles dened in the Table I. However, in
their analysis there is no expliit mention of how to deal
with the produt of Klein fators and the Sz operators
oming from the z baksattering events. We have shown
that these fators almost miraulously anel out and do
not aet the remainder of the analysis of their (or our)
Coulomb gas.
Appendix B: ANNIHILATION AND FUSION OF
PARTICLES
We now show in detail how the RG proedure leads to
the annihilation and fusion of harged partiles. Consider
that we initially have a lose pair with eah partile
having fugaities F1 and F2. In the omplex notation of
Eq. (10), the ation takes the simple form:
Seff =
1
2
∑
i6=j
αij ln zij + βij ln z¯ij + 2ikF
∑
i
c (ηi) xi,
with:
αij =
1
2
[( |κ|√
gσ
m (ηi)−√gσe (ηi)
)
( |κ|√
gσ
m (ηj)−√gσe (ηj)
)
+ gρc (ηi) c (ηj)
]
,
βij =
1
2
[( |κ|√
gσ
m (ηi) +
√
gσe (ηi)
)
(√
gσe (ηj) +
|κ|√
gσ
m (ηj)
)
+ gρc (ηi) c (ηj)
]
,
Suppose the lose pair partiles are at positions l and
m in spae-time. We split the ation in three parts:
S1 =
1
2
 ∑
i6=j 6=l
+
∑
i6=j 6=m
 [αij ln zij + βij ln z¯ij
+ 2ikF
∑
i
c (ηi)xi
]
,
S2 =
∑
i6=l
αil ln zil + βil ln z¯il
+
∑
i6=m
αim ln zim + βim ln z¯im,
S3 = αlm ln zlm + βlm ln z¯lm.
S1 gives the interation between the partiles whih are
not in the lose pair, S2 the interations between the
lose pair and the other partiles, and S3 the interation
between the partiles belonging to the pair. Finally, we
dene the relative oordinate of the pair as: s = zm− zl.
For s ∼ dℓ≪ 1 we expand the logarithm in s:
ln zmi ∼= ln zli + s
zli
.
1. Fusion
If the pair is not neutral, the leading term in the expan-
sion of S2 is of order zero in |s|. Therefore, we an rewrite
S2 as giving the interations between all other partiles
and the new fused one. In order to one again write
the problem in a Coulomb gas form, we must resale the
fugaities to aommodate this new partile. Doing the
integral in S3
∫
dseS3 ∼ sinπblm
blm
dℓ,
where:
blm = κ (e (ηm)m (ηl) +m (ηm) e (ηl)) .
After summing over partile ongurations that do not
ontain the fused pair, we get the ontribution from fu-
sion of partiles with fugaities F1 and F2 to the fugaity
F3 of this new fused partile
dF3
dℓ
=
sinπblm
blm
F1F2.
2. Annihilation
If the pair is neutral, the partiles annihilate eah
other. In this ase, αil = −αim and βil = −βim . We
an expand the partition funtion ontribution in |s|
z =
∫
dsdl eS1+S3
(
1 + |s|B (l,m) + |s|
2
2
B (l,m)
2
+ ...
)
,
where:
B (l,m) =
∑
i6=(l,m)
(
s
|s|
αil
zil
− s¯|s|
βil
z¯il
)
.
The integration over the pair enter of mass oordinate
l is
∫
dlB (l,m) = 0.
This is dierent from the single impurity Kondo prob-
lem or the dilute limit, where this integral does not van-
ish. The reason is that, in these ases, the integration is
17
only along the time diretion and, therefore, a logarith-
mi divergene appears. Consequently, the expansion in
B stops at rst order. In ontrast, in the dense limit
the integral is over spae and imaginary time, hene re-
moving this singularity. The rst non-vanishing term is
seond order in B, as in the sine-Gordon and the 2 LL's
problem
31
1
2
∫
dlB (l,m)2 =
1
2
∑
i,j 6=(l,m)
∫
dl
[
s2
|s|2
αilαjl
zilzjl
+
s¯2
|s|2
βilβjl
z¯ilz¯jl
− 2αilβjl
zilz¯jl
]
.
After integration, the rst two terms are power law fun-
tions of the distane between the remaining partiles of
the gas. For a suiently dilute gas, the most signiant
ontribution is given by the last term
1
2
∫
dlB (l,m)
2 ∼ −2π
∑
i,j 6=(l,m)
αilβjl ln |zij |+ const.
(B1)
It has a simple physial meaning: it gives the vauum po-
larization oming from the dipole moment of the lose
pair. The nal step in the alulation is to integrate over
the relative oordinate s
∫
dseS3 |s|2 ∼ sinπblm
blm
dℓ, (B2)
where
blm = κ (e (ηl)m (ηm) +m (ηm) e (ηl)) .
Colleting Eq. (B1) and Eq. (B2), the partition funtion
ontribution after resaling is
z = eS1
−2π sinπblm
blm
∑
i,j 6=(l,m)
αilβjl ln |zij | dℓ
 .
To omplete the RG step, we must sum the harge on-
guration of S1that did not ontain the lose par
z = eS1
1− 2πF1F2 sinπblm
blm
∑
i,j 6=(l,m)
αilβjl ln |zij | dℓ
 .
Summing over all possible annihilations of pairs of par-
tiles and reexponentiating, we get the renormalization
group equations for the Coulomb interation strengths
gσ and gρ.
Appendix C: DETAILED EXAMPLE OF A
FUSION PROCESS
In this Appendix we show in more detail how to inter-
pret the loal spins in the eetive Hamiltonian of Se-
tion V after several RG steps.
Let us fous on the spin histories of Fig. 6. In the new
RG sale (dashed line), all we know is that the spins at
times τ1 and τ2 have the same orientation. Eah proess
ompatible with the histories shown in the gure is an
independent part of the partition funtion. For denite-
ness, let us assume that in this position there is a net
harge (0, 1, 1). At the new sale there are two indistin-
guishable possibilities to be onsidered: either there is a
single partile produed by a term of Hbz , or there is a
lose pair at τ and τ + δτ that was fused.
The eetive Hamiltonian strategy is to reonstrut
the CG at eah RG step. Sine there is no spin ip
between τ1 and τ2 and there is a net harge (0, 1, 1), the
operator that performs this task is
F †L↑FR↑S¯
z (x¯, τ¯) ei
√
2πgσ φ¯s(x¯,τ¯)+i
√
2πgρφ¯c(x¯,τ¯), (C1)
where the overbar denotes an operator at the new sale.
We want to know how to ompare the spins at the
new sale with the ones at the previous sale. In the
rst history of Fig. 6 this is a trivial question. Before
resaling, the proess had the same form, so
S¯z (x¯, τ¯ ) = Sz (x, τ) .
On the other hand, there are four possible bosoni op-
erators that an t into the seond history ase . Let us
start with the lose pair
F †L↑FL↓F
†
L↓FR↑S
+ (x, τ + δτ)S− (x, τ)
e
i
√
2πgσφs(x,τ+δτ)+i
√
2pi
gσ
κθs(x,τ+δτ)
e
i
√
2πgρφc(x,τ)−i
√
2pi
gσ
κθs(x,τ).
Point-splitting the bosoni operators, we obtain
F †L↑FR↑S
+ (x, τ + δτ)S− (x, τ) ei
√
2πgσ φ¯s(x¯,τ¯)+i
√
2πgρφ¯c(x¯,τ¯).
Another possible pair is
F †L↓FR↑F
†
L↑FL↓S
− (x, τ + δτ)S+ (x, τ)
e
i
√
2πgρφc(x,τ+δτ)+i
√
2pi
gσ
κθs(x,τ+δτ)
e
i
√
2πgσφs(x,τ)−i
√
2pi
gσ
κθs(x,τ).
Reordering the Klein Fators and point-splitting again,
we an rewrite this pair as
− F †L↑FR↑S− (x, τ + δτ)S+ (x, τ)
ei
√
2πgσ φ¯s(x¯,τ¯)+i
√
2πgρφ¯c(x¯,τ¯).
18
The other two possibilities give the same ontributions
as these ones. If we now identify
2S¯z (x¯, τ¯ ) ≡ S+ (x, τ + δτ)S− (x, τ)
− S− (x, τ + δτ)S+ (x, τ) ,
we reonstrut Eq. C1. Note the importane of the Klein
fators for this identiation to hold.
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